LESCOP'S INVARIANT AND GAUGE THEORY 

^r^ : PRAYAT POUDEL 

-vj ' Abstract. Taubes proved that the Casson invariant of an integral ho- 

> , , mology 3-sphere equals half the Euler characteristic of its instanton Floer 

S^, homology. We extend this result to all closed oriented 3-manifolds with 

positive first Betti number by establishing a similar relationship between 
^^ ' the Lescop invariant of the manifold and its instanton Floer homology. 

The proof uses surgery techniques. 



< 



P 

^ . 1. Introduction 

The Lescop invariant Al(M) is a rational valued invariant of closed ori- 
ented S-manifolds M defined by Lescop |9] via a combinatorial formula as a 
generalization of the Casson invariant [1]. The Casson invariant, while only 
O ' defined for integral homology 3-spheres, has a very useful gauge theoretic 

f— ^ ■ interpretation, due to Taubes [14], as half the Euler characteristic of the 

^^ ' instanton Floer homology [5] . We provide a similar interpretation of the Le- 

2^ I scop invariant for all 3-manifolds with the positive first Betti number using 

cn I a version of instanton Floer homology based on admissible bundles. In fact, 

our formula matches the one conjectured in the physics literature, where 
i^ , the Lescop invariant arises as a partition function of the Donaldson- Witten 

^ . theory of a 4-manifold of the form S^ x M, see Mariho-Moore [TOj. 



Theorem. Let M be a closed oriented connected 3-manifold with bi{M) > 1, 
and let \l{M) he its Lescop invariant. Then there exists an admissible 
bundle P over M such that 

Xl{M) = -^X(.I*{M,P)) - ^\Toi{H,{M))\, ifbi{M) = l, and 

Xl{M) = -i (-I)''! W . I Tot{H,{M))\ . x{h (M, P)), if 6i(Af ) > 2, 
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where xi^* {^i P)) stands for the Euler characteristic of the instanton Floer 
homology of the pair {M,P), see Section\^ 

In addition, if Hi{M) has no 2-torsion, we show that x(/=k(M, P)) is 
independent of the choice of admissible bundle P hence the above formulas 
hold for any admissible bundle P. We conjecture that the same is true for 
any M with bi{M) > 1, with or without 2-torsion in its homology. 

Still lacking is a gauge theoretic interpretation of the Lescop invariant 
for rational homology 3-spheres with non-trivial torsion because there is no 
satisfactory definition of instanton Floer homology for such manifolds. 

Our proof will proceed by induction on the first Betti number bi(M) of the 
manifold and will use the Floer exact triangle [6]. In case M has no torsion 
in homology, we will start the induction at bi{M) = and use Taubes' 
theorem [TJ]. In the presence of torsion, due to the aforementioned problem 
with defining instanton Floer homology for rational homology spheres, we 
will start at bi{M) = 1 and use an extension of Taubes' theorem due to 
Masataka pT] . 

Ackno'wledgments. I am immensely grateful to my Ph.D. advisor Dr. 
Nikolai Saveliev for his guidance and support. I am also thankful to Dr. 
Ken Baker and Dr. Kim Fr0yshov for their helpful suggestions. 

2. Instanton Floer Homology 

Let M be a closed oriented connected 3-manifold and P — )• M a U{2)- 
bundle such that one of the following conditions holds: 

(1) M is an integral homology sphere and P is a trivial 5[/(2)-bundle, 
or 

(2) bi{M) > 1 and P is a C/(2)-bundle whose first Chern class ci(P) 
has an odd pairing with some integral homology class in H2{M). 
Note that the second Stiefel- Whitney class u;2(ad(P)) G H^{M;Z2) 
of the associated 50(3)-bundle ad(P) is then not zero as a map 
H2iM) -^ Z2. 

Both the bundle P and its adjoint bundle ad(P) will be referred to as 
admissible bundles. 

Given an admissible bundle P, consider the space C of S'0(3)-connections 
in ad(P). This space is acted upon by the group Q of determinant one 



gauge transformations of P. The instanton Floer homology /* (M, P) is the 
Floer homology arising from the Chern-Simons function of the space C/Q, 
see Donaldson [1]. 

The groups I^{M,P) depend on the choice of ad(P) but not P. They 
have an absolute Z2-grading defined as in Section 5.6 of H]. These groups 
also admit a relative Zg-grading, which becomes an absolute Zg-grading if 
M is an integral homology sphere. Note that our setup is consistent with 
that of Kronheimer and Mrowka [8j, Section 7.1. Using their notations, 
I^:{M,P) = I^,{M)iu, where w = det (P) is the determinant bundle of P. 

Two main ingredients that go into our calculation of the Euler characteris- 
tic of Iif{M, P) are as follows. The first one is a special surgery presentation 
of M as in ^, Lemma 5.1.1. 

Lemma 2.1. Let M he a closed connected oriented 3-manifold and hi{M) = 
n > 0. Then there exists a rational homology sphere S and an algebraically 
split n- component link £ C S such that M = Ti + Q ■ C, each component of 
C is null-homologous in S, and \HiiTi)\ = \Tot{Hi{M))\. 

We denote by S + ■ £ the manifold obtained by 0-framed surgery on C. 
Similarly, S it £ will denote the result of (ibl)-surgery on knot L 

The second ingredient is a long exact sequence known as the Floer exact 
triangle, see p]. Let S be a rational homology sphere and £ = £i U£2 • • • U£n 
be an algebraically split link in S. If n = 1, we will require that S be an 
integral homology sphere. Then we have the following Floer exact triangle : 

-1 



/*(E + 0-£i + ... + 0-£„_i) /*((S + 0-£i + ...0 



'^■n-l 



The admissible bundles P, which are omitted from the notations, have ci(P) 
pair non-trivially with the natural homology classes obtained by capping off 
a Seifert surface of ij by a meridional disk of the surgery. In addition, the 
three admissible bundles that show up in the Floer exact triangle match 
when restricted to the exterior of the link ^i U • • • U £„ in S. If n = 1, the 
bundles P over S and S — ^i are trivial S'C/(2)-bundles. 



It should be pointed out that we will not use the complete strength of 
the Floer exact triangle; all we will derive from it is the following relation 
on Euler characteristics: 

X(/* (5^ + • ^1 + • £2 + . . . + • in)) = 

x(/* (5^ + • ^1 + . . . + • in~i) - 4) - x(/* (s + • ^1 + . . . + ■ 4-i)). 

The obvious observation that 

6i((S + • ^1 + . . . + • 4-i) - in)) = 6l(S + • ^1 + . . . + • in-l) 

= 6i(S + 0-^i + 0-£2 + ...0-4)-l 
allows us to proceed via induction on 61 (M). 

3. Case of bi{M) = 

If M is an integral homology sphere, then \i{M) = A(M), which is 
the Casson invariant of M, see Section 1.5 of [9j. On the Floer homology 
side, we work with the trivial 5'C/(2)-bundle P over M, and denote the 
instanton Floer homology by I^{M,P). According to Taubes [H], we have 
X{h {M,P)) = 2 • A(M). Therefore, xih {M,P)) = 2 • Al(M). 

4. Case of 61 (Af) = 1 

Let A: C S be a null-homologous knot in a rational homology sphere S. 
Choose a Seifert surface F of k, and denote by V its Seifert matrix with 
respect to a basis of Hi{F). The Laurent polynomial 

Afccs(i) = |^i(S)| • det (ti/2 V - t-1/2 V^) 

is called the Alexander polynomial of A; C S. Note that Akcs{t) = AkcT;{—t) 
andAfccE(l) = |i?i(S)| > 0. 

Given a closed oriented connected 3-manifold M with fei(M) = 1, accord- 
ing to Lemma l2.H there exists a null- homologous knot ^i C S in a rational 
homology sphere S such that M = S + • £1 . The Lescop invariant of M is 
then equal to 

XUM) = \aI^A^) - ^ |Tor(i7i(M))|, (1) 

see [9], Section 1.5. It is independent of the choice of surgery presentation 

of M. 
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In the special case when S is an integral homology sphere, it follows from 
the Floer exact triangle and Casson's surgery formula [T] that 

Xih (M, P)) = xih (S - h)) - Xih (S)) = 2A(S - 4) - 2A(S) 

= 2(-^<cs(i)) = -a;;ce(i)- 

Therefore, 

Xih {M,P)) = -2Xl{M) - i \Tot{Hi{M))\ (2) 

b 

as claimed, for the unique admissible 5?7(2)-bundle P over M. The general 
case is handled similarly using the following result. 

Proposition 4.1. Let M = S + • ^i, where ii is a null-homologous knot 
in a rational homology sphere T,. Then x{I* i^iP)) = ~^i cs(-'^) f^''' ^^^ 
admissible bundle ad(P) over M whose restriction to the exterior of ii C S 
is trivial. 

Proof. If -ffi(E) has non-trivial torsion, the starting point for our calculation 
will be the result from [11] which, with our normalization, reads 

]pc{h (M, P)) = -Al(S + h) + Al(S). 

We wish to identify the right hand side of this equation with — ^A^ ci;(^)' 
By Lescop [9], 

where Fe(^i) is defined by equation 1.4.8 in [9J. Since |i7i(S+^i)| = |i^i(i;)|, 
we conclude that Ai(S + £i) = Al(S) + F2(^i) and therefore 

A straightforward calculation of F^ {i-i ) shows that 

Fs(^i) = ^a;;cs(i), 

which leads to the desired formula. Therefore, for our choice of admissible 
bundle P over M, 

X{h {M,P)) = -2Xl{M) - I \Toi{Hi{M))\. 

D 



Remark. The exact sequence of the universal coefficient theorem, 

— >Ext(iJi(M),Z2) — > H'^{M;Z2) — ^ Hom(F2(M),Z2) — ^ 0, 

tells us that the ambiguity in choosing an admissible bundle ad(P) over 
M = S + • ^1 resides in the group Ext(iJi(M),Z2). If Hi{M) has no 2- 
torsion, the latter group vanishes, implying that there is a unique admissible 
bundle ad(P) over M. 

5. Case of bi{M) = 2 

Let /I = ^1 U^2 be an oriented two-component link in a rational homology 
sphere S such that £i, I2 are null-homologous in S and ikj]{ii,i2) = 0. 
There exist Seifert surfaces Fi and F2 of li and £2, respectively, such that 
Fi n £2 = and F2 fl £1 = 0. If the surfaces intersect, they may be assumed 
to intersect in a circle c, see [3]. The self linking number of c with respect 
to either Fi or F2 is called the Sato-Levine invariant and is denoted by 
s{ii U £2 C S) . To be precise, s{ii U ^2 C S) = ikY:{c, c^), where c"*" is a 
positive push-off of c with respect to either Fi or F2. If the surfaces don't 
intersect then s{iiU £2 C T.) =0. 

Given a closed oriented connected 3-manifold M with 61 (M) = 2, accord- 
ing to Lemma 12.11 there exists an algebraically split link iiU £2 C S in a 
rational homology sphere S such that M = Y^ + ■ ii + ■ £2. According to 
Lescop [9], Section 5.1, 

Al(M) = -I ToriHi{M))\ ■ s{hUi2 C S); (3) 

it is independent of the choice of surgery presentation of M. We will first 
handle the case when S is an integral homology sphere. 

Proposition 5.1. Let M = S-l-O-^i-1-0-^2; where ii U £2 is a link in 
an integral homology sphere S such that ^^2(^1,^2) = 0. Then, for any 
admissible bundle ad(P) over M, 

x{IAM,P))=2-Xl{M). 

Proof. Let P be a [/(2)-bundle over M such that W2{ad{P)) evaluates non- 
trivially on both homology classes obtained by capping off Seifert surfaces of 
£1 and £2 by meridional disks of the surgery. We will indicate this by writing 



W2{&d{P)) = (1, 1) in the natural basis of iiora{H2{M),'Z2)- It follows from 
the Floer exact triangle that 

Xih {M, P)) = xih ((S + • h) - £2)) - xih (S + • h)) 

= -<cs-£2(i)+a;;cs(i), 

hence the calculation boils down to computing Alexander polynomials of 
^1 C S and ^1 C S - £2- 

According to Hoste [7], there exist Seifert surfaces Fi and F2 of £1 and £2, 
respectively, such that Fi D F2 is either empty or a single ribbon intersection, 
and furthermore, Fi n F2 does not separate Fi or F2. 

If Fi n F2 is empty then ^1 U^2 is a boundary link and s{£i U^2 C S) = 0. 
Moreover, (— l)-surgery along £2 leaves Fi unaffected, therefore, A^^f^^C^) = 
A£jc2_£2(*) and xih {M^P)) = as desired. 




F2 



ei 




F2 



Figure 1. 



Figure 2. 



If Fi n F2 is non-empty then it is a single ribbon intersection as in Figured) 
The intersection Fi n dF2 C £2 consists of two points that separate £2 into 
two arcs, £2 and £2 ■ Stabilize surface Fi by adding a tube with core £2 and 
call this new modified surface Fi, see Figured If Fi had genus g, the genus 
oi F[ will be 5 + 1. 

The intersection F-^ n i<2 is a closed loop c which represents a primitive 
homology class in Hi{Fi). Complete c to a basis {ei, c, 63, ..., 623+2} of 
Hi{F^), where ei is a meridional curve of £2 and {es, ..., 623+2} is a basis for 
Hi{Fi). Using general position argument we will assume that e^ H -F2 = 



and hence ikj]{em,^2) = for m > 3. In addition, it is obvious that 
£A;s(ei,^2) = il) and that £A;x;(c, £2) = ^^^.{0^ A2) = 0, where c+ is a 
positive push-off of c with respect to F2. To summarize, we have the matrix 



E 



ikj:iei,£2) ' 




±1 


ikj,{c,e2) 


= 





kj^{e2g+2,h) 








This matrix accounts for the difference in the Seifert matrices of ii when 
viewed as a knot in E and H — £2- To be precise, according to Hoste [7], 



Vih c S - ^2) = Vili (1T.) + E-E^ . 



(4) 



We would hke next to determine the Seifert matrix V{£i C S) with respect 
to the basis {ei,c, 63, . . . 623+2} in -f^i(-^i)- To begin, lkY,{ei,e\^) = since 
the push off e^ is disjoint from the meridional disk D of ei. For m > 3, the 
curve Cm lies on the surface Fi. Therefore, its push-off e^ can be isotoped 
to make it disjoint from D so £A;s(ei,e+) = 0. Similarly ik^{em,ef) = 
for m > 3. Next, ik-s{c,ei) = ±1 and since c^ does not intersect the 
meridional disk bounded by ei, ikj]{ei,c'^) = 0. To finish the calculation, 
observe that V{ii C ^)-V{ii C S)^ = -/, where / : Hi{F[) x Hi{F[) -^ Z 
denotes the intersection form given by I{v, w) = v ■ w. By general position 
argument, c • e^ = hence £A;s(c"'", Cm) — ikY:{c, e^) = 0. For tti > 3, denote 
ikY;{c~^,em) = ^A;s(c, e+) = am-2- Finally, ikY,{c,c^)= s by the definition 
of s = s(^i U ^2 C S). Therefore, we obtain the matrix 



Vih C S) 












... 


±1 


s 


ai 


• • • «2g 





ai 









a2g 




w 



where W is the Seifert matrix of ii with respect to the basis 63, . . .62^ E 
Hi{Fi). Using Hoste's formula (JH, we obtain 



v{ei c s - ^2 



1 













±1 


s 


Ol 




a2g 





ai 











a2g 




W 





Now we are ready to compute the Alexander polynomials. Denote V{ii C 
S - £2) by V and let z = t^/^ _ ^-1/2^ ^lien 



tl/2y _ t-l/2yT 



z 


Tt-^/2 


•• 





±tl/2 


sz 


aiz • • 


a2gZ 





aiz 










t^^W - 


- t-'/^w^ 


L 


a2gZ 







Hence det(ti/V - t^'^/'^V^) 



sz 


aiz ■ ■ 


a2gZ 


aiz 








t^^W - 


- t-y^w^ 


a2gZ 







Ti 



-1/2 



1 


••• 





aiz 








t^l^W - 


- i-V2VFT 


a2gZ 







sz-^ 


ai ■■■ 


a2g 


ai 








t^'^W - 


- t-^i^w^ 


a2g 







+ dei{t^/''W-t-^'^W^) 



= sz^- det(t^/2^ - r^l'^W'^) + z"^ ■ fit) + A^,cs(t) 
for some function f{t), which is a polynomial in t^'"^ and t~^'^. Therefore, 
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Next we differentiate twice and set t = 1. An easy calculation taking into 
account that z(l) = and z'(l) = 1 leads to the formula 

Therefore, 

X(/* (M, P)) = -2s(4 U £2 C S) = 2 • Al(M). 

The above calculation holds for a specific bundle which has W2{&d{P)) = 
(1, 1). We will now prove the result for admissible bundles with W2{ad{P)) = 
(0, 1) and W2{ad{P)) = (1,0) using the fact that Xl{M) = -\ Toi{Hi{M))\ ■ 
s{iiL)i2 C S) is an invariant of the manifold M and therefore is independent 
of the surgery presentation. 

Without loss of generality, let us assume that ■W2{ad{P)) = (1,0). After 
sliding ii over £2, we will obtain a new surgery presentation for M, namely, 
M = T, + ■ ii + ■ i^, where £jj is the new knot obtained by sliding £1 over 
£2- Note that £^ bounds a Seifert surface which is a band sum of Fi and F2 
and also that £kj]{£i,£^) = 0. In the new basis, 'W2iad{P)) = (1,1), hence 
xih {M, P)) = s{£i U £jj C S) by the above argument. The independence of 
surgery presentation then implies that s{£i U £jj C H) = s{£i U £2 CL) and 
therefore x{I* (M, P)) is independent of the choice of admissible bundle. D 

Before we move on to the case when Hi{M) has non-trivial torsion, we 
will establish a fact which we will need for the calculations. Recall that if 
S is a rational homology sphere and k is an arbitrary knot in S, then there 
exists an integer q such that q ■ k represents a zero in ffi(S). For any other 
knot £ in S, the linking number £kj]{q ■ k,£) is defined as the intersection 
number of a Seifert surface of q ■ k with £, and one further defines 

£kj:{k,£) = --£kj:{q-k,£) £ Q. 

q 

Lemma 5.2. Let T, be a rational homology sphere, £2 CT, a null-homologous 
knot and ki, k2 knots m S \ A^(^2)- Then, 

£kj^.e,{k,,k2) = £kj:{ki,k2) + £kj:iki,£2) ■ ikE{k2,i2). (5) 

Proof. If ki, /c2 are null-homologous in S \ A^(^2)i the proof proceeds exactly 

as in [7j Lemma 1.2]. If fci and k2 are arbitrary knots in S \ N{£2), there 
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exist non-zero integers qi , q2 such that qi ■ ki and 52 " ^2 are null- homologous 
in S \ A^(£2) and therefore in S — £2- Then 

tkY.-£,Mi ■ ^i;92 • /C2) =^fcE(q'i • A;i,g2 • h) +f-kY.{qi -A;!, ^2) ■ ikY:{q2 ■ A;2,^2) 
and the result follows by dividing both sides hy qi ■ q2- □ 

Proposition 5.3. Let M = S + O-^i + 0-^2; where Y, is a rational homology 
sphere and ii,i2 C S are null-homologous knots such that ikj]{ii,i2) = 0. 
Then 

for any admissible bundle ad(P) over M whose restriction to the exterior of 
^1 U ^2 C S is trivial. 

Proof. Let P be a C/(2)-bundle over M such that ?i;2(ad(P)) evaluates non- 
trivially on both homology classes obtained by capping off Seifert surfaces 
of li and £2 by meridional disks of the surgery. By the Floer exact triangle, 

x{h (S + ■ ^1 + • h)) = x{h ((s + • h) - I2)) - xih (s + • ^1)) 

= -a;,cs-£,(i)+a;;cs(i)- 

We proceed as in the proof of Proposition 15.11 and choose Seifert surfaces 
Fi and F2 which are either disjoint or intersect in a single ribbon, and 
construct Seifert surfaces F^ and F2 which intersect in a circle c. Complete 
c to a basis {ei, c, 63, ..., 62^+2} of Hi{Fi), where ei is a meridional curve of 
£2 and {es, ...,e2g+2} is a basis for Hi{Fi). Again, 



E 



ikj,{ei,i2) ' 




±1 


ikj:{c,i2) 


= 





ts (629+2,^2) 








We would like to determine the Seifert matrix V{ii C S) with respect to 
the basis {ei,c, 63, ..., 62^+2} of Hi{F^). As ei bounds a meridional disk D, it 
is null-homologous in S. Since ej is disjoint from D, we have ikY:{ei,e]^) = 
0. As in the torsion free case, £kj]{c,ef) = and ikj]{ei,c~^) = ±1. For 
m > 3, the disk D can be picked to be disjoint from e^ hence lkY,{ei, e^) = 
and similarly £k-s{em,e 



mi c-i J 



0. By definition, ikj^icjC'^) = s. Finally, 
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^/cs(c+,e„) = ik^{c,e+) using the fact that V{ii C S) - V{ii C H)"^ = 
— /, where I is the intersection form on Hi{F^;Q). For m > 3 denote 
£fcE(c+, em) = ^fcs(c, e+) = am-2- Then 



y(^i C S) 












... 


±1 


s 


ai 


• • • «2g 





ai 









«2g 




VT 



Because of Lemma [5.21 the Hoste formula @ stiU holds. Therefore, the rest 
of the proof works out as in Proposition 15.11 to show that 

2 • Xl{M) 



x{I*iM,P)) 



-2s(eiUh CS) 



\Tot{Hi{M))\ 

and that this is independent of the choice of admissible bundle which restricts 
to a trivial bundle on the exterior of ^i U ^2 C S. D 

Remark. The only remaining ambiguity in choosing an admissible bundle 
ad(P) over M has to do with the group Ext{Hi{M),Z2). If Hi{M) has 
no 2-torsion, this group vanishes and Proposition 15.31 holds for an arbitrary 
admissible bundle. 



6. Case of 61 (M) = 3 

Let £ = ^1 U ^2 U £3 be an algebraically split oriented three-component 
link in a rational homology sphere S such that each component of C is 
null- homologous. Let ^1,^2,^3 be Seifert surfaces of the knots ^1,^2; ^3, 
respectively, chosen so that Fi n £j = for i ^ j- Define the Milnor triple 
linking number /u(£i,^2,^3) as a signed count of points in the intersection 

Fi n F2 n F3. 

Given a closed oriented connected 3-manifold with bi{M) = 3, by Lemma 
12.11 there exists an algebraically split link £ = £1 U £2 U £3 in a rational 
homology sphere S such that M = E + 0-£i+0-^2 + 0-£3 and the compo- 
nents of C are all null-homologous. According to Lescop [9], 

Tor(i7i(M))|-(/i(^i,^2,^3))'. 



Al(M) 



(6) 



Again, Xl{M) is independent of the choice of surgery presentation as above. 
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Proposition 6.1. Lei M = S + O-^i +0-^2 + 0-^3, where T, is a rational ho- 
mology sphere, ii, £2,(^3 C S are null-homologous knots such that ikj^{ii,ij) 
=0 for i i^ j. Then 

for any admissible bundle ad(P) over M whose restriction to the exterior of 

^1 U ^2 U -£3 C S is trivial. 

Proof. Let P be a f^(2)-bundle over M such that t(;2(ad(P)) evaluates non- 
triviahy on all three homology classes obtained by capping off Seifert surfaces 
of ^1, (.2 and £3 by meridional disks of the surgery. By the Floer exact 
triangle, 

Xih (M, P))) = xih ((S + • ^1 + • ^2) - ^3)) - xU* (S + • 4 + • £2)) 
= -2s{ii U ^2 C (S - ^3)) + 2s{h U ^2 C S) 
= -2 • ikj^-e,{c, c+) + 2 • ekj^ic c+), 

where c is the intersection circle c = Pi n P2 of the Seifert surfaces Pi and 
P2 chosen to intersect in a circle. We wish to identify the right hand side of 
this equation with -2(^(4,^2,4))^- By (P, 

£fcE-£3(c,c+)-tts(c,c+)=ttE(c,4)-^A:s(c+,4), 
therefore, 

X(P {M,P))) = -2 • £A;e(c,4) • ik^ic+Js) = -2 • £A;(c,4)'. 

Since (-kY,{c,l3)= c- F3 = /^(^i,4,4)5 the result follows. The independence 
of admissible bundle follows by the change of basis argument as before. D 

Remark. If Hi{M) has no 2-torsion, by the same reasoning as in the re- 
mark after Proposition 15.11 the statement of Proposition 16.11 holds for any 
admissible bundle over M. 

It is worth mentioning that Ruberman and Saveliev p^ showed that 

1/2 • x(P (M, P)) = Al(M) mod 2 for all M with H,{M) = H^{T^) using 

techniques different from ours. 
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7. Case of 6i(M) >4 

For all closed oriented connected 3-manifolds M with 61 (M) = n > 4, the 
Lescop invariant Al(M) is known to vanish. 

Proposition 7.1. Let M = S + • ^1 + . . . + • £„, iw/iere n > 4, S is 
a rational homology sphere, ii,- ■ ■ ,in C S are null-homologous knots such 
that ikY,{ii-,(-j) =0 for i ^ j. Then x{h {M.,P)) = for any admissible 
bundle ad(P) over M whose restriction to the exterior of C = ii U ■ ■ ■ U in 
in S is trivial. 

Proof. Let P denote the C/(2)-bundle over M such that u;2(ad(P)) evaluates 
non-trivially on the homology classes obtained by capping off Seifert surfaces 
of the components ii, i = 1, . . . ,n, by meridional disks of the surgery. By 
the Floer exact triangle, if n = 4, 

X{h (M, P)) = ;^(/, ((S + • ^1 + • ^2 + • ^3) - ii)) 

- x(/* (s + • 4 + • ^2 + • 4)) 

The result now follows because 

ikj,.i,{c,i^) - ikj,{c,i3) = ikj,{c,ii) ■ ikj:{i3,ii) = 0, 

using equation ^ and the fact that ik{i^,ii) = 0. 

If n > 5, choose an admissible bundle ad(P) whose restriction to the 
exterior of £ C S is trivial, and proceed by induction. Suppose that 
X(/*(M',P)) = for ah M' with hi{M') = k, where 4 < k < n - 1. 
Let M = Ti + ■ ii + . . . + ■ in, where ii are null- homologous knots in a 
rational homology sphere S such that ik-£{ii,ij) =0 for i ^ j. Then by the 
Floer exact triangle 

X{h (M, P)) = x(/, ((S + • 4 + . . . + • in-l) - in)) 

-x(/*(S + 0-£i + ... + •£„_!)). 
Since 

6i((S - 4) + • 4 + . . . + • 4„i) = 6i(S + • £1 + . . . + • in-i) = n-l, 
we conclude that xih {M, P)) =0. D 

14 



Remark. As before, the result holds for all admissible bundles over M if 
Hi{M) has no 2-torsion; the latter restriction can conjecturally be removed. 



[3; 
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